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ANALYTIC CONTINUATION OF HOLOMORPHIC MAPPINGS FROM 
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5^ , Abstract. We study the analytic continuation problem for a germ of a biholomorphic mapping 

from a nonminimal real hypersurface M C C n into a real hyperquadric Q C CP n and prove that 
under certain nondegeneracy conditions any such germ extends locally biholomorphically along 
any path lying in the complement U \ X of the complex hypersurface X contained in M for an 
appropriate neighbourhood U D X . Using the monodromy representation for the multiple- valued 
mapping obtained by the analytic continuation we establish a connection between nonminimal 
real hypersurfaces and singular complex ODEs. 
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1. Introduction and main results 

Let -ff (d C) be a nondegenerate Hermitian form in C n+1 with k + 1 positive and I + 1 negative 
eigenvalues, k + l = n— 1, < I < k < n — 1. We call a hypersurface Q C CP n a (k, I) -hyperquadric 
if it is given in homogeneous coordinates by 

Q = {[Co,...,Cn]eCP n :tf(C,C) = o}. (l) 

Clearly, Q C CP ra is a compact smooth real algebraic Levi nondegenerate hypersurface with (k, I) 
being the signature of its Levi form. In particular, the unit sphere S 2n ~ 1 C C n is an in — 1,0)- 
hyperquadric. 

Let M be a connected smooth real analytic hypersurface in C n , n > 1. It was shown in 
|19j for Q = 5' 2 ' 1-1 and in |12j for the general case that if M is Levi nondegenerate then a 
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2 I. KOSSOVSKIY AND R. SHAFIKOV 

germ of a local biholomorphic map / : M — > Q extends locally biholomorphically along any 
path on M with the extension sending M to Q. This leads to the following definition: a Levi 
nondegenerate hypersurface M is called (k, l)-spherical at a point pGMif there exists a germ at p 
of a biholomorphic map / sending the germ (M, p) of M at p onto the germ of a (k, Q-hyperquadric 
Q at f(p). It follows then that M is (k, Z)-spherical at one point iff it has this property at all points 
and we simply call M a (k, I) -spherical hypersurface. Similar extension result holds if instead of 
Levi nondegeneracy one assumes that M is essentially finite, a condition on the so-called Segre 
map of M generalizing Levi nondegeneracy, see |24| and [12] . Further, analytic continuation also 
holds in the case when Q = 5 2n_1 and M is minimal, i.e., when M does not contain any germs 
of complex hyper surf aces, see [22] , 

In this paper we study the analytic continuation phenomenon for biholomorphic maps from 
a nonminimal hypersurface M, i.e., when M contains a complex hypersurface X. In this case 
the Levi form of M vanishes identically on X, and M is not essentially finite at points in X. 
For n = 2 nonminimality is equivalent to the infinite type condition (sec |lj). The following 
illuminating example shows that the above analytic continuation phenomenon fails in general in 
the nonminimal case. 

Example 1.1. (V. Beloshapka, A. Loboda, 2001, see also |3], |15j). Consider the real-analytic 
hypersurface given by 

M log = {(z,w = u + iv) eC 2 :v = u tan|z| 2 , \z\ < l} , (2) 

or by a global "complex defining equation" w = we 2tzz . Note that M g contains the complex 
hypersurface X = {w = 0}, but it is Levi nondegenerate at all other points. The set X divides 
M g into two connected components: M + given by {u > 0} and M~ given by {u < 0}. It follows 
that 

M \ X = jarctan - = \z\ 2 \ , 

and so for u > 0, we have Im (Inw) = \z 2 \. This shows that the map F : {u > 0} — > C 2 given by 

* * 1 ft A 7F 

z = z, w = mw, < Argw < — , 

maps M + onto an open subset of the nondegenerate hyperquadric 

Q = {(z*,w*) G C 2 : Imw* = \z*\ 2 }. 

However, F clearly does not extend across X (neither holomorphically nor as a holomorphic 
correspondence). In fact, the branch F~ : {u < 0} — > C 2 of the multiple- valued map z* = 
z, w* = Inw satisfying ^ < Argw < ^ sends M~ into an open subset of a different hyperquadric 

Q = {(z\w*) EC 2 :lmw* -it = \z*\ 2 }. 

This model example and many more examples given later in this paper suggest that given 
a nonminimal hypersurface M containing a complex hypersurface X, and a local map / from 
M into a hyperquadric Q, one cannot expect in general that / extends holomorphically to X, 
and since the complement of X is not simply connected, the analytic continuation, if exists, can 
lead to a multiple-valued extension of /. Furthermore, since M \ X is not connected, different 
components of M \ X can be mapped by different branches of the multiple-valued extension into 
different hyperquadrics. 

Our principal result establishes such multiple- valued holomorphic extension phenomenon. We 
call a real hypersurface M containing a complex hypersurface X pseudo spherical if at least one 
of the components of M \ X is (k, I) - spherical for some k + I = n — 1, <l < k <n— 1. 
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Theorem 1. Let M C C n be a connected smooth real-analytic hypersurface containing a complex 
hypersurface X. Assume that M\X is Levi nondegenerate, and that M is pseudospherical. Then: 

(i) There exists a neighbourhood U of X such that for p E (M \ X) n U any biholomorphic 
map f of (M,p) into a (k,l) - hyperquadric Q extends analytically along any path in U \X as a 
locally biholomorphic map into CP™. In particular, f extends to a possibly multiple-valued locally 
biholomorphic analytic mapping U \ X — > CP n in the sense of Weierstrass. 

(ii) If one of the components of M\X is (k,l) -spherical, then the second component is (k',V) - 
spherical with, possibly, (k,l) 7^ (k',l'). 

Somewhat surprisingly, the result in (ii) cannot be strengthened: in Example 16.21 of Section 6 
we construct a real hypersurface McC 3 for which (k, I) 7^ (k', I'). However, if / extends to U\X 
as a single- valued map, then both components of M \ X have the same signature of the Levi form 
as shown in Proposition 16.41 

The nature of multiplicity of the extension in the above theorem depends only on the geometry 
of the hypersurface M, and does not depend on the choice of the map /. In Section 7 we give 
a precise description of the monodromy of analytic continuation of / about X by constructing 
explicitly the monodromy operator, in analogy with the corresponding theory of singular ODEs. 
To suppress technical details we give a simplified formulation of our result below and refer the 
reader to Section 7 for further details. 

Theorem 2. Under the conditions of Theorem{J\ there exists a linear representation 

<f> : ir^U \ X) — ► Aut(CP n ) 
such that the analytic continuation f of f along a cycle 7 C U \ X satisfies 

f = 4>d) o f. 

The cyclic subgroup cj>(iri(U \ X)) C Aut(CP n ) is determined by M uniquely up to conjugation. 

As another application of Theorem [1] we obtain in Section 9 some results concerning the repre- 
sentation of local automorphisms of M. In particular, some further progress can be made in the 
direction of the so-called Dimension Conjecture. The main result can be formulated as follows. 

Theorem 3. Under the conditions of TheoremU\ suppose OelC M. Then the (pseudo)group 
Aut (M, 0) of local automorphisms of M at the origin admits a natural embedding 

Aut (M, 0) — ► Z{p) n Aut(S) C Aut(CP n ), 

where Z{p) is the centralizer in Aut(CP n ) of the element a, generating the above cyclic subgroup 

0(7n(c/\x)). 

The paper is organized as follows. In Section 2 we provide the necessary information about 
Segre varieties and the associated notion of Segre map, and prove the local one-to-one property of 
the Segre map in U\X for hypersurfaces under consideration. In Section 3 we use this property to 
show that any point in the punctured neighbourhood U\X can be connected with q £ M\ X by a 
chain of Segre varieties. We use this fact to construct in Section 4 the desired analytic continuation 
along some specific paths by means of extension along Segre varieties, in the spirit of [23], |12| . 
and |8j. We also introduce the notion of Q-Segre property for a map / and use it for appropriate 
understanding of the extension along (iterated) Segre varieties. Combining the results of Sections 3 
and 4, we prove a crucial corollary claiming that the initial germ Fq can be extended to an arbitrary 
point r £ U\X along some specific path. In Section 5 we use this result to prove the continuation 
along an arbitrary path, using the global nature of the (complexified) automorphism group of the 



4 I. KOSSOVSKIY AND R. SHAFIKOV 

target hyperquadric Q, which gives the first part of our principal result. We also provide a number 
of examples of (multiple- valued) analytic maps that extend germs of local biholomorphic mappings 
to a hyperquadric. Most of the examples are certain blow-ups of the unit 3-sphere (both single- 
valued and multiple- valued examples occur) . In Section 6 we prove the second part of Theorem Q] 
and give an example of M that can be mapped to inequivalent hyperquadrics. In Section 7 we 
describe the monodromy of the obtained multiple-valued map showing that the monodromy can 
be expressed in terms of a (scaled) element of GL n+ i(C) - the monodromy matrix. We also 
establish an intriguing connection between nonminimal pseudospherical hypersurfaces and linear 
differential equations of order n with an isolated singular point by proving the Monodromy formula 
for the multiple-valued mapping F. The hypersurface X C M, playing the role of an isolated 
singularity for holomorphic maps under consideration, becomes an analogue of a single point in 
CP as an isolated singularity of linear differential equations. In Section 8 we consider separately 
the case where M is algebraic and prove that the multiple-valued mapping F in this case extends 
to X, either holomorphically or as a holomorphic correspondence. Finally, in Section 9 we apply 
the linear monodromy principle from Section 7 to obtain an interesting representation of the 
local holomorphic automorphism group of M as a subgroup in the centralizer of the monodromy 
matrix. Then we demonstrate the essential progress that this representation gives to the so-called 
Dimension Conjecture. 

Acknowledgments. We would like to thank V. Beloshapka and B. Lamel for fruitful discus- 
sions that motivated in many aspects the current research project. The second author is partially 
supported by the Natural Sciences and Engineering Research Council of Canada. 

2. Background: Segre varieties 

Let M be a smooth real analytic hypersurface in C ra , n > 2, G M, and U a neighbourhood 
of the origin. In what follows in this paper we consider only connected real hypersurfaces. If U 
is sufficiently small then M n U admits a real analytic defining function p(Z,Z), and for every 
point C G U we can associate to M its so-called Segre variety in U defined as 

Q c = {ZeU:p(Z,() = 0}. (3) 

Note that Segre varieties depend holomorphically on the variable £. In fact, we may find a suitable 
pair of neighbourhoods Ui = C/f X U™ C C n_1 x C and U\ <s JJ2 such that 

Q c = {(z,w)eU%xU?:w = h(z,()}, Cef/i, (4) 

is a closed complex analytic subset. Here h is a holomorphic function. Following [8] we call U\, U2 
a standard pair of neighbourhoods of the origin. From the definition and the reality condition on 
the defining function the following basic properties of Segre varieties easily follow: 

Z G Q c O C G Qz, (5) 

Z £Q Z ^ Z £ M, (6) 

C G M ^ {Z G C/i : Q c = Qz} C M. (7) 

The set 1^ := {Z G U± : Q^ = Qz} is also a complex analytic subset of U\. If M contains a 
complex hypersurface X, then for any p G X, Q p = X and Q p Ci X 7^ 44> p G X, so I p = X. 

If f : U —> U' is a holomorphic map sending a smooth real analytic hypersurface M <ZU into 
another such hypersurface M' C U' , and U is as in ([3]), then 

f(Z) = Z' => f(Qz)cQ z „ (8) 
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for Z close to the origin. The invariance property of Segre varieties will play a fundamental role 
in our arguments. For the proofs of these and other properties of Segre varieties see, e.g., [TJ, [8], 

i, or n. 

The space of Segre varieties {Qz '■ Z G U%} can be identified with a subset of C^ for some 
N > in such a way that the so-called Segre map A : Z — > Qz is holomorphic (see [7J). Since 
we have Q p = X for any p £ X, the Segre map A sends the entire X to a unique point in C^ 
and, accordingly, A is not even finite-to-one near each p £ X (i.e., M is not essentially finite at 
points p S X). On the other hand, if M is Levi nondegenerate at a point p, then its Segre map 
is one-to-one in a neighbourhood of p. In fact, the last property can be strengthened as follows. 

Proposition 2.1. Let M C C n be a smooth real-analytic hypersurface, containing a complex 
hypersurface X, 6 X C M. Suppose that M \ X is Levi nondegenerate. Then the standard 
pair of neighbourhoods (Ui,U2) for G M can be chosen in such a way that the Segre map 
A : U\ — > C is locally infective at any point p £ U\ \ X. 

Proof. Denote by E the set of points where the rank of the map A is less than n. Clearly, E is a 
complex-analytic subset of U\, and IcE, We will show that U\ can be taken sufficiently small 
so that EflUi = X n U\. Let E be any irreducible component of E of positive dimension such 
that OgS. It follows from injectivity of A at Levi nondegenerate points that SnMcI. 

Let U + and U~ be the two connected components of U\ \ M. We claim that either E C U + 
or E C U~ . Indeed, suppose that on the contrary, E n U + ^ and E n U~ ^ 0. Let d := dimE. 
First observe that EflMj/! E sm &, for otherwise the set E sm & would divide S re & into a union of 
two open components (because M divides U\, and therefore EflM divides E). This is however 
impossible because for irreducible E, the set E re & is connected (see, e.g., [6]). It follows that 
E fl M contains regular points of E, and, considering a small neighbourhood of any such point, 
we conclude that the dimension of the real-analytic set EflM equals 2d — 1 (since this set splits 
E re S). On the other hand, EnlcEnAfcEnl from the above arguments, so EnM = EnX, 
which shows that the dimension of E n M can not be odd. That proves the claim. 

Now if, for example, E C U + , we can move E along the normal direction to M at and get 
E n W C U + for the perturbed set E and a sufficiently small neighbourhood W of the origin. 
This means that E n X ^ 0, though for the perturbed set E n X = 0, which is a contradiction, 
because dim E + dim X > n and therefore their intersection is stable under small perturbations 

(IS])- 

From the above we conclude that all components of E, different from X, do not intersect X. 
The zero-dimensional components of E do not accumulate at 0, and therefore, we may choose the 
neighbourhood U\ so small that E = X D U\, as required. □ 

Proposition 12.11 motivates the following 

Definition 2.2. A smooth real-analytic hypersurface M, containing a complex hypersurface 
X 3 0, is called Levi-regular in a neighbourhood U of the origin, if the Segre map A of M is locally 
injective at each point p G U \ X. 

We immediately conclude from Proposition 2.1, that for a smooth real-analytic hypersurface 
M , containing a complex hypersurface X 3 and Levi nondegenerate in U \ X , the standard pair 
of neighbourhoods U\, Ui of the origin can be chosen in such a way that M is Levi-regular in U\. 

The Levi-regularity will be the basic assumption for most of the statements in this paper. We 
note, once again, that for a Levi-regular at a neighbourhood U hypersurface the image X(X) 
consists of a unique point in C and near all points p E U \X the map A is one-to-one. 
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Finally we describe the geometry of Segre varieties for the nondegenerate hyperquadric Q in 
the target domain. In this case, the Segre variety of a point £ G CP n is the projective hyperplane 

and the set {Q'a, C 6 CP n } of all Segre varieties coincides with the space (CP n )* of all projective 
hyperplanes in CP n . The Segre map A' in this case is a global natural one-to-one correspondence 
between CP n and the space 



3. Exhaustion of a punctured neighbourhood by Segre sets 

Let M, X, Ui, U2 be as in Section 2. Following pQ, we introduce the Segre sets of M in a 
neighbourhood of the origin. We choose q G U\ and define the zero and the first Segre sets Sq, S\ 
of q simply as Sq := {g} and Sf := Q q n U\. Higher order Segre sets Sj, j > 2 are defined by 
induction as 

s]-.= U <5r nt/i. 

\^ S U ) 

Finally, we define S%a := |J <S|.. For q £ X we have S 9 = X n U\ for any j > 0. As it is shown 

i>o 
in [T], Segre sets have the following properties. 

(a) S] C S] +2 for g G C/i and S] C S? +1 for geMfl^. 

(b) reS^qe S r j andsoreS q oo^qe S^. 

(c) Sj can be presented as vr(cr^), where a^ C C^ is a complex submanifold (N > n), and 
7T : C^ — > C n is a holomorphic projection. 

In this section we show that the open connected set U\\X can be exhausted by the even Segre 
sets Sfj. 

Proposition 3.1. Let M C C n be a smooth real-analytic hypersurface, containing a complex 
hypersurface X B 0, and U\,U2 be the standard pair of neighbourhoods for M at the origin. 
Suppose that M is Levi regular in U\. Then for any q £ U\\X, 

si = u l \x. 

Proof. Property (b) above shows that for any two Segre sets S%o, S^, q,r £ TJ\ either Sic = S'So 
or Slo H 5^, = holds. So U\ \ X can be represented as a disjoint union of some S%o, q G U\\X 
(since each q G S^)- The proposition now asserts that, in fact, this disjoint union consists of just 
one element S%o- 

We first claim that every S%, q G U\ \ X, is open at any point r G 5|, sufficiently close to 
q except, possibly, the point r = q. Indeed, let U(q) be a neighbourhood of q such that the 
Segre map A is one-to-one in U(q). Take any point r G S\ so that r ^ q and r G U(q). Then 
r G Q s , s G Q q n Q r , in particular, Q r n Q q / 0, and so injectivity of A in U(q) implies that 
Qr ^ Qq- A sufficiently small perturbation of r does not change the properties Q r / Q q (from 
the definition of U(q)) and Q r nQ q ^^ (as in the proof of Proposition 2.1, we use the fact that 
the sum of the dimensions of these two analytic sets is at least n and refer to [6]). So for any r', 
sufficiently close to r, there exists a point s' such that s' G Q q and s' G Q r >, so that r' G Q s > and 
r 1 G 5|, as required. This proves the claim. 

Now take any Sio, q E U%\X and consider an interior point q' G 5|- Take a ball -B, centred 
at q' and such that B G S?,. Then for all r sufficiently close to q we have S^ H .B 7^ (this follows 



Taking a point s G S|- for some j > 0, we use a similar argument to conclude from openness 



of S"! at q, that s is an interior point of S^i-hi - This finally shows that all points of the set S%o 
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from the continuity of the map A : z — > Q z ). Therefore, there exists r' E B such that r' G S%- 
We get the inclusions r G Sy, r' G Sz which imply, by definition of Segre sets, the inclusion r G 5| 
for all r sufficiently close to g. This shows that q is an interior point of S\. 

> 

c 

are in fact its interior points and so S$o is an open set. The connectivity of U\ \ X now implies 
that the decomposition of U\ \ X into Segre sets consists of a unique element and U\ \ X = Sio 
for any q G Ui \ X, as required. □ 

Example 3.2. For the hypersurface M log (see Introduction) we may choose U\ = U 2 = C 2 and 
p = (0, 1) £ M. Then M is Levi-regular in U\ and simple computations show: 

Si = p,S p 1 ={w = 1}, Sf = (C 2 \ X) \ {z = 0, «, / 1}, Sf = 5 4 p = ... = C 2 \ X. 

It is also not difficult to see, that taking U\ = {\z\ < e, \w\ < e} and p = (|,0), all points, 
lying in the j-th Segre set S^, satisfy: \w\ > gee -2 ^ . This inequality shows that no Segre set 
of a fixed "depth" j can a priori exhaust the punctured neighbourhood U\\X for a nonminimal 
Levi-regular hypersurface M. 

4. Extension along Segre varieties 

The result of the previous section, showing that iterated Segre varieties of a fixed point p G 
M\X exhaust the punctured neighbourhood Ui\X, suggests that the desired continuation of a 
given local biholomorphic map F of M into a quadric Q can be obtained by extending F along 
iterated Segre varieties of the point p. The extension along Segre varieties is based on their 
invariance property ([8]) and gives an effective way of holomorphic continuation for holomorphic 
maps of real submanifolds in complex spaces (see [24] , [12] ) . 

Let M, X, Ui,U 2 be as in Section 2, with e X C M. Let p <E (M\X) n lq. We first introduce 
the following notation: by Q P0tPl) ... P:j _ 1 we denote the Segre variety Q Pj _ 1 , where po := p, Pk £ 
Qp fe _i> k = 1, 2, ..., j — 1 so that pk G S^, k = 0, 1, 2, ..., j — 1 and Q po ,p 1 ,...p^_ 1 C 5^. In this section 
we show that a local biholomorphic map F of M into a hyperquadric can be extended, in a certain 
sense, to a neighbourhood of any Qp 0) p 1 ,...p i _ 1 . For j = 1 the Segre variety Q po contains p and the 
extension can be understood naturally, while for j > 2 the meaning of extension will be specified. 

Let r E U\ \ X, U(r) C U\ \ X be an open polydisc, centred at r, and F : U(r) — > CP ra be a 
biholomorphic map onto its image. For q G U(r) and s G Q q so that q G Q s , we denote by (Q s ) c 
the connected component of Q s n f/(r), containing g. We say that F has the Q-Segre property in 
U(r), if for any q G U(r) and s £ Q q the image F((Q S ) C ) is contained in a projective hyperplane 
in CP n (which is a Segre variety of Q). 

We now formulate the key claim for the main result of this paper. 

Proposition 4.1. Let M C C n be a smooth real-analytic hypersurface, X C C n be a complex 
hypersurface, G X C M, (Ci,^) ^ e a standard pair of neighbourhoods at the origin. Suppose 
that M is Levi-regular in U\ and that for some point p G M\X and a polydisc U(p), centred atp, 
there exists a biholomorphic map Fq : U(p) — > CP ra such that Fo(MnU(p)) C Q, where Q C CP n 
is a nondegenerate real hyperquadric. Then there exist connected neighbourhoods W\, W2, ...Wj of 
Q Po , Q Pl , ..., Q Pj _ 1 respectively (so thatp^ G Wj-, k = 0, 1, ...,j — l) and locally biholomorphic maps 

F 1 ,F 2 ,...,F j , F k :W k ^CF n , k = l,2,...,j, 

such that: 
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(i) The intersection U(p) n W\ contains a polydisc Wo, centred at po, such that F\ is a 

holomorphic extension of Fq\w - 
(ii) For each k = 2, .., j the intersection W^-2 H Wt contains a polydisc U{pk-2), centred at 

Pk-2: such that Fk is a holomorphic extension of F^^ufpk-s)' 
(iii) For each r G Q Pk , k = 0, 1, ..., j — 1 there exists a polydisc U(r) C W^+i such that -Ffc+i I tr(r) 
/ias i/ie Q-Segre property in U(r). 

Proof. We use the coordinate system in the preimage in the form (z, w) G C n_1 x C and denote 
by U z and U w the projections of a polydisc U C C/i C C n onto the z-coordinate subspace and the 
w-axis respectively. We also suppose that in these coordinates Segre varieties of M are graphs of 
the form w = h(z), h G 0{U Z ) and X is given by {w = 0}. In the target domain we denote by 
Q'(- the Segre varieties of points £ G CP n with respect to the hyperquadric Q. 

Step 1. We first prove part (i) and (iii) for k = 0. We choose Wq C U(p) to be a polydisc, 
centred at p and such that for each Segre variety Q q , q G Q P C\U\ the intersection Q q n Wo is the 
graph of a function over Wq , in particular, it is connected (the existence of such a polydisc follows 
from the fact that p G Q p , p G Q g for q G Q p and that the 1-jets of Segre varieties Q q , q G Q p 
at p are bounded in the intersection of Q p with the closed polydisc U\ C U<z)- So we can choose 
a connected neighbourhood Wi D Q p such that for s G W\ the intersection Q s n Wq is also 
connected and nonempty. 

We follow the strategy in |8J and [24], and consider the set 

A t = {(Z, C) G Wi x CP n : F (g z n Wo) C Q'J. 

In the same way as it is done in Proposition 3.1 in [23], one can show that A\ is a nonempty 
closed complex-analytic subset in W\ x CP n of dimension n. But unlike the situation in [24], 
we do not need to exclude an analytically constructible set from Q p since the hypersurface in 
the target domain is the hyperquadric Q whose Segre map is globally injective. If for some 
Z G Wi, Cl, C2 G CP n and & ^ C2, then 

(z,Ci), (z,c 2 )gAi =► Fo(Q z nw )cQ Cl nQ C2 , 

which is not possible since Fo is biholomorphic in Wo, dim Q^ n Q^ 2 = n — 2 while Qz H W) is of 
dimension n — 1. So Ai is, in fact, the graph of a holomorphic map F\ : Wi — > CP n . To show 
that Fi is locally biholomorphic we observe that local injectivity of A implies that for distinct 
Zi, Zi that are close to each other, the intersection Qz 1 n Qz 2 H W) has dimension at most n — 2, 
so by shrinking Wi, if necessary, we conclude that {Z\,Q G Ai and (Z2X) G -^1 forces Zi = Z2, 
so that -Fi is locally one-to-one and hence biholomorphic. Also, the invariance property of Segre 
varieties ([5]) implies that for Z G Wi, sufficiently close to p, Fq{Z) = F\(Z), which proves (i). 

For the proof of (iii) for k = 0, we consider the set V\ of points q G U\ such that Q q n W) 7^ 0. 
Clearly, 

Vt = |J Q s . (9) 

Since W) is open, Vi is also open, and because each Q s is path-connected and W) is open and 
path-connected, V\ is also connected. For points s G U±, close to p, Fi = Fo and the invariance 
property implies that F\ transfers Q s n Wo to an open subset of a projective hyperplane. Now 
take a point a C W§ C C n_1 and consider an open connected subset V a C V\, which consists of 
q G U\ such that ({a} x Wq) C\Q q ^ %. Clearly, each V a is open, V a = [j Qi a ,b) so that V a is 

connected and Vi = (J V a . The set V^ always contains points, sufficiently close to p, and we 
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may consider on V a the holomorphic map, which assigns the fc-jet, k > 2 of Q q , q £ V a at the 
point a. This mapping vanishes for points in V a , close to p (since for such points F\(Q q n Wo) is 
contained in a projective hyperplane), and consequently vanishes on entire V a , so for all q £ V a , 
iq transfers the connected component of Q q n Wo, containing the point with z-coordinates equal 
to a, to an open subset of a projective hyperplane. From this and © it follows that the desired 
Q-Segre property holds for iq in Wo. 

Now we take any r £ Q p and prove the Q-Segre property for iq is some polydisc U(r). We 
choose U(r) C W\ and so that Q p n U(r) is the graph of a function over U z (r), so that for p*, 
sufficiently close to p, Q p n U(r) is connected. Since W\ D Q p , for p*, close to p, Q p * C Wq, and 
the Q-Segre property of F\ in Wo implies, by the uniqueness property, that F\(Q p *) is an open 
subset of a projective hyperplane, and so does F\(Q p * C\U{r)). Now arguments analogous to those 
used above show the Q-Segre property for iq in U(r), which completes Step 1. 

Step 2. We now prove (ii) and (hi) for j = 2. This will give us the base case for a general 
induction argument. The proof for this case will be a small modification of the one in the previous 
step. 

From (i), Wo C W\ and Fo\w = Fi\wo- We choose a polydisc U(p\) C W\ with the Q- 
Segre property for iq and a connected neighbourhood W 2 of Q P1 such that for each Segre variety 
Q q , q £ W 2 the intersection Q q n U(p\) is the graph of a function over U z {p\), in particular, it is 
connected. Consider the set 

A 2 = {(Z, C)G^ 2 x CP n : Fi(Q z D C/( Pl )) C Q c }. 

The Q-Segre property of iq and arguments, similar to those in |24] show that A 2 is an nonempty 
complex analytic set in W\ x CP n of dimension n. By shrinking W% if needed, we obtain in a 
similar fashion that A 2 defines a locally biholomorphic mapping F 2 : W 2 — > CP n . Since Q Pl 3 p, 
we conclude that p £ W 2 and for points p* £ W 2 , sufficiently close to p, Q P2 C W\ and the 
intersection Wq n W p * is connected. By the invariance property of iq = Fo in Wo we conclude 
that the point in A 2 over p* must equal iq(p*), i.e., F 2 (p*) = iq(p*) = Fo(p*), which proves (ii) 
for j = 2. The proof of (hi) for this case follows the same pattern as in Step 1. 
Step 3. We now perform the induction step by assuming that j > 2 and that for all smaller j 
the proposition holds, i.e., for all k < j the desired extensions and polydiscs with the Q-Segre 
property have been already obtained. We treat the case k = j. 

In the same way as in Step 2, we obtain, using the Q-Segre property of i*j-i, a polydisc U(pj-i), 
a neighbourhood Wj of Q Pj _ 1 with Q g r\U(j)j-i) connected for q £ Wj and a locally biholomorphic 
map Fj : Wj — > CP n , corresponding to the n-dimensional complex analytic set 

A 3 = {(Z,C) £ Wj x CP n : Fj^iQz n Ufa-x)) C Q c }. 

To prove (ii), take now Z close to Pj—% so that Qz is contained in Wj-\. To clarify what Fj(Z) 
equals, recall that by assumption the proposition is proved for smaller j. Therefore, 

Fj-i(Qz n t/fe-i)) = F^Qz n U(pj-i)) = Q' F ._ z{z) , 

so by the definition of Fj and Fj_ 2 we obtain that Fj(Z) = Fj_ 2 (Z), and (ii) is proved. 

Finally, to prove (hi) for Fj we take r £ Q Pj _ 1 and a polydisc U(r) such that for p* close 
to Pj-i the intersection Q p * n U(r) is connected. We also may suppose that Q p * C Wj. Since 
Fj- 2 (Q P * n U(pj- 2 )) contained in a projective hyperplane and -F/-2 = Fj in U(pj- 2 ) C Wj, we 
conclude that Fj(Q p *) is contained in a projective hyperplane. To obtain the entire Q-Segre 
property for Fa we repeat the arguments from the proof in Step 1. This completes the proof of 
the theorem. □ 
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We now formulate the following corollary, which is a weaker form of our main extension result, 
but is convenient for applications. 

Corollary 4.2. Let M,X,p,Ui,U2,F$ satisfy Proposition 4-1- Then for each point q £ U\\ X 
there exists a connected path 7 : [0, 1] — > U\ \ X, 7(0) = p, 7(1) = q such that F$ extends 
analytically along 7 as a locally biholomorphic mapping to CP ra and for any r G 7 there exists a 
polydisc U{r), centred at r such that the mapping F r has the Q-Segre property in U(r) (here F r 
is the element of the analytically continued germ F$ along 7 at the point r). 

Proof. Proposition 3.1 implies that there exist points p\,P2, ■ ■■,V2j-i & U\ \ X such that 
Q G Qp ,p!,...,p2j-n J > 1- We set P2j ■= q and choose connected paths To,2 C Q pi , ^2,4 C 
Q P3 , ...,T 2 j-2,2j C Q P2j _ 1 such that 

To,2(0) = po, r ,2(l) = Vi, r 2,4(0) = p 2 , r 2 ,4(l) = PA, •••, 

r 2 j-2,2j(0) = V2J-2, r 2 j_ 2 ,2j(l) = P2j = q- (10) 

Then, applying Proposition 4.1, we conclude that F2 is a local biholomorphic extension of Fq along 
To, 2; Fa along r 2 ,4; ••• ; F 2 j is a local biholomorphic extension of i^j-2 along Y2j-2,2j (of course, we 
use the connectivity and simple connectivity of the Segre varieties as holomorphic graphs) . Taking 
now 7 to be the union of the paths of Tq^, ■ ■■, ^2j-2,2j, we obtain the desired local biholomorphic 
extension of Fq. The Q-Segre property for F r , r G 7 now follows from Proposition 4.1. □ 

5. Extension along an arbitrary path 

In this section we prove that Fq can be analytically continued along any path in U\ \ X. We 
begin with the following proposition. 

Proposition 5.1. Let M, X, U\, U2 satisfy Proposition 2.1, r G U\ \ X, U(r) (Z U±\X a polydisc 
centred at p, and let F, G be two biholomorphic mappings U(r) — > CP ra with Q-Segre property in 
U(r). Then there exists a linear automorphism r of CP n such that G = r o F . 

Proof. Let A : Ui — > C N and A' : CP n — > (CP n )* be the Segre maps in the preimage and 
the target domain respectively, U' = F(U). We consider the map r := G F -1 , which is a 
biholomorphic map U' — > CP n onto its image. 

From the Q-Segre properties of F and G we know that r maps "many" (connected components 
of) intersections of projective hyperplanes with U' to open subsets of projective hyperplanes, and 
want now to prove the same for the set of hyperplanes, intersecting a ball B in some coordinate 
chart in CP n . To do so, put r' := F(r) and fix some coordinate ball B C U', centred at r'. Let 
q £ Q r so that r G S q . Choose a polydisc U{r) with the following properties: 

(i) U{r) C U{r), F{U{r)) C B. 

(ii) S q n U{r) is a graph over U z {r) (we use the notation from Proposition 4.1). 

According to property (ii), there exists a connected neighbourhood V{q) such that for each 
f G U(r) there exists q G V(q) such that f G Q q and Qq n U(r) is connected (we simply use the 
fact that Qf is close to Q r 3 q). Choosing U(r) small enough, we may suppose the Segre map A 
is injective in V(q). Consider now the following mapping: taking q G V(q), we associate Qq to it, 
then consider F(Qq n U(r)) - an open subset of a projective hyperplane, and, using A', associate 
a point in (CP n )* to it. This is an injective holomorphic map from V(q) to (CP ra )*, denote its 
image by W. Consider also the set of projective hyperplanes, intersecting B, and denote this 
open connected set in (CP n )* by A'. Then W' is an open subset of A' (by property (i)), and, 
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by definition of r, the map r sends I a flB with l a £ W' (here l a is a projective hyperplane that 
corresponds to a £ CP n ) to open subsets of projective hyperplanes. Considering, as in the proof 
of Proposition 4.1, the high order jets of r(7 a n B) as holomorphic mappings of A' , we see that 
they vanish for l a £ W, so they must vanish for all l a £ A' and we obtain the desired "hyperplane- 
to-hyperplane" property of t for any hyperplane, intersecting B. As it can be verified from many 
references (see, for example, [26], [25], or |17| ) r in this case must be a local biholomorphic 
symmetry of the system of flat second order complex differential equations 

Vx k xi =0, k,l = 1,2, ...,n- 1. 

Hence, it is a linear automorphism of CP n , and G = r o F, as required. D 

We now can prove part (i) of Theorem [H which we formulate in the following theorem. 

Theorem 5.2. Let M C C n be a smooth real-analytic hyper surf ace, X C C n a complex hypersur- 
face, £ X C M. Suppose that M is Levi nondegenerate in M\X and pseudospherical. Then for 
a suitable neighbourhood U\ of the origin and a point p £ (M \ X) n U\, any local biholomorphic 
mapping Fq : (C n ,p) — > CP n ; transferring (M,p) onto an open piece of a nondegenerate real 
hyperquadric Q C CP n , extends analytically along arbitrary continuous path 7 : [0, 1] — > U\ \ X, 
7(0) = p as a local biholomorphic mapping into C¥ n . 

Proof. Let U\, Ui be a standard pair of neighbourhoods of the origin such that M is Levi-regular 
in U\. Suppose on the contrary that the claim of the theorem is false. Then, since for t close to 
the extension with Q-Segre property already exists, we can choose the smallest to, < to < 1, such 
that Fq does not extend analytically to 7(^0) along the path 7|ro,t ] with the Q-Segre property in 
some neighbourhood of each j(t), < t < to (to is simply the supremum of t such that Fq extends 
to 7(t) along 7|[o,t] with the Q-Segre property at each point). Applying Corollary 4.2, we obtain a 
polydisc U(r), centred at r = 7(£o) an d a mapping F r in U(r) with the Q-Segre property. We now 
take some t* close to £0 with t* < to and r* = j(t*) £ U(r) and denote the corresponding extension 
of Fq with the Q-Segre property at some polydisc U(r*) by F r * . Without loss of generality we may 
assume that U(r*) C U(r). Then, applying Proposition 5.1 for the polydisc U(r*) and mappings 
F r ,F r * in it, we get a linear automorphism r of CP n such that F r * = roF r in U(r*). This equality 
clearly implies, by the global nature of r, that roF r is a holomorphic extension of F r * to U(r) B r 
with the Q-Segre property, which contradicts the definition of to- D 

To formulate the following corollary, we will use the set-up of a (multiple-valued) analytic 
function in the sense of Weierstrass [21] and apply it for mappings C n — > CP n . We call the 
corresponding objects analytic mappings in the sense of Weierstrass. 

Corollary 5.3. Let M,X,U 1 ,F ,p satisfy Theorem 5.2. Then the mapping F : (C n ,p) — > CP n 
extends locally biholomorphically to a (multiple-valued) analytic mapping F : Ui\X — > CP n in 
the sense of Weierstrass. Moreover, each analytic element (F r ,r) of F at a point r £ U\\X has 
the Q-Segre property. 

Proof. To see the Q-Segre property of (F r ,r), r £ U\ \ X we just follow the proof of Theorem 5.2 
and note that r o F r is an extension of F r * with the Q-Segre property. □ 

Example 5.4. (see also [ID] , [15] , [4] ) . Consider the standard hyperquadric 

Q = {(z*,w*) £C 2 : Imw* = \z*\ 2 }, (11) 



12 I. KOSSOVSKIY AND R. SHAFIKOV 

and the (multiple- valued) locally biholomorphic mappings F a : C x (C \ {0}) — > CP 2 given as 

z* = zw a , w* = w 2a , Q£l\ {0}. 

Then it is not difficult to check, by plugging F into the defining equation of Q, that F~ l determined 
by — 7£ < Arg w < ^ maps (Q,p*), p* = (0, 1) G Q onto an open piece of the smooth real-analytic 
hyper surface 

M a = Uz,w) SC 2 : w = w(y/l-\z\ 4 + i\z\ 2 )°, \z\ < l| . (12) 

All M a are nonminimal, as they contain X = {w = 0}, and Levi-regular in \z\ < 1. F a turns out 
to be exactly the (multiple- valued) locally biholomorphic mapping, provided by Corollary 5.3. For 
a £ Z the mapping F a is single- valued and extends holomorphically to X = {w = 0}. Thus F^ 1 
performs a certain blow-up of the 3-sphere in C 2 . For a rational the multiple- valued mapping 
F a is finitely- valued and extends to X as a holomorphic correspondence [53] (the graph of F a 
extends even to an algebraic subset of CP in this case). For irrational a the mapping F a is 
infinitely-valued and, furthermore, the graph of a germ of F a does not even extend to a closed 
complex-analytic subset of (U\ \ X) x C 2 (note that such extension is possible for the model 
example M log ). 

Example 5.5. (see also [10]). Considering the quadric Q defined by (fTTj) and the blow-ups G m 
given by 

z = zw , w = w, m E £, m > U. 
The image of Q under G m gives algebraic hypersurfaces given by 

K m = {lmw = \z\ 2 \w\ 2m }. (13) 

These are nonminimal with X = {w = 0} and Levi-regular in appropriate polydiscs C/ m (0). Here 
G m are single-valued and extend to X holomorphically. 

6. Application: transfer of sphericity 

The above continuation results imply the following remarkable fact on the geometry of non- 
minimal real hypersurfaces. Throughout the section we denote by M + and M~ the connected 
components of M \ X. The next theorem is reformulation of Theorem [TJ part (ii). 

Theorem 6.1. Let M C C n be a smooth real- analytic hypersurface, containing a complex hyper- 
surface X C C™ and Levi nondegenerate in M\X. Suppose that M is pseudospherical with M + 
being (k, 1) -spherical. Then M~ is (k',l') spherical with, possibly, (k',l') ^ (k,l). 

Proof. We fix a standard pair of neighbourhoods U± , U% such that M is Levi-regular in U\ 
and choose points p + G M + n U\ and p~ £ M~ n U\ and a local biholomorphic map 
F : (C n ,p + ) — > CP n with F + (M + ) C Q for a nondegenerate hyperquadric Q C CP" of 
the signature (k,l). Applying Corollary 4.2, we can find a polydisc U(p~) and a local biholo- 
morphic map F_ : U(p~) — > CP™ with Q-Segre property. Put V := F—{M~ n U(p~)). Then 
V C CP™ is a smooth real-analytic Levi nondegenerate hypersurface, biholomorphically equivalent 
to M~ n U{p~). The Q-Segre property of F_ and the holomorphic invariance of Segre varieties 
imply that all Segre varieties of V, in some neighbourhood of F_(p~), are open pieces of pro- 
jective hyperplanes. Now choose some affine chart, containing V and make an invertible affine 
transformation such that in new coordinates V has the form 

2IW = H(z',z f ) + 0(2), z' £ C n - l ,w £ C, 
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where H(z',z') is a nondegenerate Hermitian form. Then Segre varieties oi V have the form 

w = -b' + H(z,a') + .... 

This equation determines a hyperplane for all sufficiently small a and b, which implies that all 
monomials in dots in fact vanish, and therefore, V is a nondegenerate real hyperquadric. □ 

The following example shows that, surprisingly, the claim of Theorem 6.1 cannot be strength- 
ened and even algebraic nonminimal hypersurfaces in C n , n > 2 may have different signature of 
the Levi form in M + and M~. 

Example 6.2. Let Q = {Imw* = I^P + I^I 2 } c C 3 be a real strictly pseudoconvex hyperquadric. 
Consider the following "blow-up" map F: 



Choosing a connected neighbourhood D C Q of the point (0, 0,1) € Q and the single-valued 
biholomorphic branch of F, given by — ^ < Argu>* < ^, it is straightforward to check that i 7 " 1 
maps D onto an open piece of the smooth real-analytic nonminimal hypersurface 



,. J _(i\z 1 \ 2 + ^/l-2i\z 2 \ 2 w-\z 1 \±) 2 \ 
M= <w = w f — \ , 

| (1 — 2l\Z2\ w) z I 

satisfying Reu> > and zi,z 2 ,w be small enough (one should rewrite the equation of Q in the 
new coordinates). It is easy to check that M is Levi nondegenerate outside w = 0, so M satisfies 
the conditions of Theorem 6.1, and at the point p + G M + , p + = (0, 0,e),£ > the Levi form 
is positive definite, though at the point p~ £ M~, p~ = (0,0, — e),e > the Levi form has 
eigenvalues of different signs. So M + is (2, 0)-spherical, though M~ is (1, l)-spherical. In fact, 
the single-valued biholomorphic branch of F given by ^ < Arg w < ^ maps the negative half 
M~ of M onto a domain on the indefinite hyperquadric Q~ = {Imw* = — \z\\ 2 + l^l 2 }- 

Unlike the case n > 3, for n = 2 all hyperquadrics in CP are equivalent to the 3-sphere S 3 C C 2 
and the phenomenon from Example 6.2 can not hold. However, it may still happen that the 
multiple-valued mapping, obtained in Theorem 5.2, maps M + and M~ to different hyperquadrics 
in CP 2 , though these hyperquadrics are equivalent by means of some r £ Aut(CP 2 ). 

Example 6.3. Consider the hypersurface M log C C 2 (see Introduction). Then the multiple- 
valued map F : (z,w) — > (z,lnw) maps the domain M + C M, given by the condition u > 0, to 
the hyperquadrics 

{Imw* + 2k-?r= \z*\ 2 }, k€Z, 

and the domain M~ C M, given by u < 0, to the hyperquadrics 

{Imu;* + (2fe + l)7r = |z*| 2 }, fc£Z. 

Each of the hyperquadrics looks as T k (Qo), where Qq is the standard hyperquadric {\mw* = |z*| 2 } 
and the element r G Aut(CP 2 ) is the affine transformation (z,w) — > (z, +7ri). 

As a small consolation for the paradoxical phenomenon, illustrated by Examples 6.2, 6.3, we 
show now that this does not happen if F is single-valued. 

Proposition 6.4. Let M C C n be a smooth real-analytic hypersurface, containing a complex 
hypersurface X C C n and Levi nondegenerate in M\X. Suppose that M is pseudospherical with 
M + being (k, I) -spherical and the multiple-valued analytic mapping F, obtained in Theorem 5.2, 
is single-valued. Then: 
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(i) M~ is also (k, I) -spherical. 

(ii) F maps both components M + ,M~ to the same hyperquadric Q. 

Proof. Choose U\,p + ,p~ ,Fq, Q as in the proof of Theorem 6.1 and apply Propositions 3.1 and 
4.1 to find a sequence po = p + ,pi, ■ ■■,P2j-i such that the point j>_ G Q V2] ~\ as wen as au the 
continuations F±, ...,F2j. Since F is single- valued, the continuations are simply restrictions of F 
onto some domains in U\ \ X. By the definition of F%j we have F2j-i(Q p -) C Q' F ., _n so that 

F{Qp-) C Q' F i p -)- But p~ G M and accordingly p~ G Q P -, so F(p~) G Q' F ( v -\-, which means 
that F(p~) G Q. Since p~ G M~ is arbitrary, this shows that F{M~) C Q and proves both (i) 
and (ii). □ 

Remark 6.5. Theorem 6.1 can be also deduced from the work of Merker |17| . |18j . where explicit 
differential equations determining the pseudosphericity of a real hypersurface are presented using 
a remarkable connection between CR-manifolds and PDE's (see also [26], [25] and also references 
therein for more details of this connection) . The real-analytic nature of the equations implies that 
if the equations hold for one of the connected components of M \ X, then they immediately hold 
for the second connected component. However, the result is not formulated in the above papers. 
We do that here and give an alternative, complex-analytic proof. 

7. The monodromy 

In this section we give a description of the multiple- valued extension obtained in Theorem 5.2. It 
will allow us to find an interesting interaction between nonminimal pseudospherical hypersurfaces 
in C n and linear differential equations of order n. 

Let M,X,Ui,p,Fq satisfy Theorem 5.2, and let F be the (multiple- valued) analytic mapping 
obtained there. Consider a noncontractible cycle 7 : [0, 1] — > U\ \ X, 7(0) = 7(1) = p, which is 
a generator of the fundamental group of U\ \ X. Let (F\,p) be the analytic continuation of the 
element (Fq,p) of F along 7 to the point p. Applying the Q-Segre property of Fq,Fi and using 
Proposition 5.1, we obtain a mapping a G Aut(CP n ) such that F\ = a o Fq. General properties 
of analytic continuation and the global character of a imply that the linear automorphism a is 
independent: 

(i) Of the choice of a generator 7, 

(ii) Of the choice of an analytic element (q, F q ^) of F at a point q G U\ \ X. 

To show (ii), for example, we choose a path j q such that F q Q is an extension of Fq along 7 g and 
denote by F Qj i the extension of F Q) q along 7 (we suppose, without loss of generality, that q G 7). 
Again, the Q-Segre property of the elements of F and Proposition 5.1 show that there exists an 
element a' G Aut(CP n ) such that F Qt i = a' o F q $. Note that F Qt i is obviously the extension of 
F\ along 7 g . But F% = a o Fq so that the extension of Fi along 7^ equals (by the uniqueness) 
a o F q fi and we conclude that a o F q fl = a' o F q $ and finally a = a' , as required. The proof of (i) 
is analogous. 

To see the dependence of a on the choice of the initial local biholomorphic mapping Fq of M 
onto a hyperquadric, choose some other local biholomorphic mapping Fq of (M,p) to a possibly 
different hyperquadric Q and denote the continuation of -Fo along 7 by F\ and the corresponding 
linear automorphism of CP n by a. Then applying Proposition 5.1 we conclude that there exists 
r G Aut(CP n ) such that Fq = toFq and so the continuation of Fo along 7 equals toF\ = toooFq. 
On the other hand, F\ = a o Fq = a o t o Fq so that t o a o Fq = a o t o Fq and t o a = a o t. 
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In fact, the linear automorphism r is a linear projective equivalence of Q and Q. We finally may 
express a as follows: 

a = t o a o t~ . (14) 

Relation (|14p shows that the monodromy matrix a is defined up to matrix conjugation and scaling. 
We will call this conjugacy class the monodromy operator of M. This term is used in analogy 
with the monodromy matrix of a linear differential equation of order n at a singular point [13 j. 
The monodromy operator does not depend on the choice of the cycle 7, the point q £ U\\ X, 
the element F q of F, the target hyperquadric Q, and the initial local biholomorphic mapping 
Fq of (M,p) to Q and is only a characteristic of the holomorphic geometry of a nonminimal 
pseudospherical real-analytic hypersurface. This geometry can be also characterized, for example, 
by the Jordan normal form of E, defined up to scaling of its diagonal part or, alternatively, by the 
cyclic subgroup H = {a k , k G Z} C Aut(CP n ) generated by a, defined up to conjugation. Note 
that the subgroup H exactly determines all possible elements of F at a point q £ U\ \ X, and all 
the elements have the form 

F q , k = a k o F qfi , keZ, 

where F q ^ is some fixed element. Both the (scaled) Jordan normal form of S, and (the conjugacy 
class of) the subgroup H C Aut(CP n ) precisely characterize the monodromy of F about X. 

The analogy with differential equations goes even further. Choose the local coordinate system 
in such a way that X is given in Ui by the condition w = 0. Consider the (n + 1) x (n + l)-matrix 
a (defined up to scaling). We set 

A := lncr 

2-iri 

(we may choose any of the matrix logarithms), and consider in a neighbourhood U(p) of p the 

mapping 

G : U(p) ^ CF n , G (z,w) := w~ A ■ F (z,w). 

Here we understand Fq as the column of its n + 1 homogeneous components and by w~ we 
understand the functional matrix exponent e . The definition of Go does not depend on 

the choice of the uncertain factor of a since the uncertain factor clearly just scales the column, 
representing Go, and that does not change the element Go(z) G CP n , z G U(p). Then Go extends 
along an arbitrary path in U\ \ X, because Fq and the matrix-valued mapping w~ do, and 
determines a (multiple-valued) analytic mapping G. Since the monodromy of w~ A is given by 

w~ A — > a~ x w' A = w~ A a~ 1 , 
the monodromy of G is given by 

G — ► w~ A • a- 1 ■ a • F = w~ A ■ F = Go- 
Hence, by the Monodromy theorem [21 1, G is a single- valued holomorphic mapping, and we obtain 
the following formula characterizing the multiple- valuedness of F: 

F = w ■ G (the Monodromy formula), 

where G is a holomorphic mapping U\\ X — > CP ra . Note that a very similar formula holds 
for the monodromy of the fundamental matrix of solutions of a linear differential equation of 
order n, |13j . The Monodromy formula generalizes Examples 1.1, 5.3, 5.4, and gives a local 
monodromy representation of an arbitrary multiple-valued extension of a local biholomorphic 
mapping from a nonminimal real hypersurface to a quadric. 
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We summarize our arguments in the following theorem, which is the expanded formulation of 
Theorem [2j 

Theorem 7.1. Let M,X,Ui,Q satisfy Theorem 5.2, and F be the (multiple-valued) analytic 
mapping obtained there. Then there exists an element a G Aut(CP n ) such that: 

1. The monodromy of F with respect to a generator 7 of the fundamental group of U\\X is 
given by 

F q -^aoF q , 

where F q is an arbitrary element of F at a point q £ U\ \ X. In particular, the collection of all 
elements of F at a point q is given by the natural action of the cyclic subgroup of Aut(CP n ), 
generated by a , on a fixed analytic element of F at q. 

2. All possible changes of the target hyperquadric Q C CP n and the local biholomorphic map 
Fq, transferring (M,p) to Q transform the monodromy matrix a by the formula 

a — > t o a o r~ , 

where r £ Aut(C¥ n ), and thus generate the monodromy operator £. The correspondence 

M — + J(M), 

where J(M) is the (scaled) Jordan normal form o/S, is only characterized by holomorphic geom- 
etry of M. In particular, J{M) is a biholomorphic invariant of M . 

3. If the local coordinates (z, w) at the origin are chosen in such a way that X = {w = 0} 
then there exists a single-valued holomorphic mapping G : U\\X — > CF n such that the following 
Monodromy formula holds: 

F = w A -G, 
where 2niA is a complex logarithm of the monodromy matrix a. 

Remark 7.2. If a is a scalar matrix, i.e., the monodromy operator £ is the identity, we conclude, 
by the Monodromy theorem [21], that the multiple- valued map F is, in fact, a single- valued locally 
biholomorphic mapping F : U\ \ X — > CP n . 

Example 7.3. For the hypersurfaces M a C C 2 given by (|12p with a£Z and the hypersurfaces 
K m C C 2 given by f)13[) . the monodromy operator is the identity, and the map F is single- valued. 
For the hypersurfaces M a with a ^ Z the monodromy operator has a diagonal Jordan normal 
form: 

J{M a ) = diag{e 2 ™,e 4 ™,l}. 
Thus, the Monodromy representation becomes 

F = 

Finally, for the model example M og the (appropriately scaled) Jordan normal form is given by 

J(M los ) 
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Decomposing the matrix to the sum of a diagonal and a nilpotent matrices and computing the 

/0 0\ 
logarithm, we get A = I 1 I , and so the Monodromy representation takes the form: 

\0 0/ 



w A ■ I I = I i Into I • I 



'l \ z" 

1 hxw ■ 

,0 1 / \1, 

8. The algebraic case 

In this section we show that if the nonminimal pseudospherical hypersurface M in the preim- 
age is algebraic then the multiple-valued extension F, obtained by Theorem 5.2, admits certain 
holomorphic extension to X. 

We start with preliminaries. Let M C C n be a smooth real-analytic nonminimal hypersurface, 
containing a complex hypersurface X and Levi nondegenerate in M \ X. We choose local coordi- 
nates (z,w) G C n_1 x C, at the origin in such a way that the complex hypersurface, contained in 
M, is given by X = {w = 0}, and M is given locally by the equation 

Imw = (Re w) m &(z , z ,Rew) , 

where $(z,z,Rew) is a real-analytic function in a neighbourhood of the origin such that 
&(z, z, 0) t^ identically, <£ = 0(2) and m is a positive integer (see pQ for the existence of 
such coordinates). We may further consider the local "complex defining equation" (see [T], [IS] , 
|10j ) of the form 

w = wQ(z, z,w), 
where = 1 + 0(2) is real-analytic. So finally we come to the following defining equation for M: 

w = we Mz > s >™\ (15) 

where the complex-valued real-analytic function <p in a polydisc U 3 satisfies the condition 
ip(z,z,w) = 0(2) and also the reality condition 

ip(z, z, w e -v(^.™)) = (p(z , z, w), (16) 

reflecting the fact that M is a real hypersurface. In what follows we call (13) the exponential 
defining equation for a nonminimal hypersurface M. 

Generalizing the ideas in |15j . consider in a sufficiently small polydisc U B the real-analytic 
subset 

M = {(z*,w*) eU : w* = <u)*ei^*' f *'^ fc )}, 

containing the complex hypersurface X = {w* = 0}, where k > 2 is an integer. It follows 
from (I16j) that M is in fact a smooth real-analytic hypersurface and that the mapping 

, — 7T 7T 

z = z, w = y/w, — — < Argu; < — , 
k k 

sends the half of M satisfying Re w > into the half of M satisfying Re w* > 0. The hypersurface 
M is called the k-root of M. Since the inverse mapping 

v: z = z \w = (w*) k (17) 

is holomorphic in all of U and locally biholomorphic in U \ X, it maps the entire M into M, 
preserving the complex hyper surf aces. This means that M \ X is Levi nondegenerate as well. 
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Theorem 8.1. Let M,X,Ui,p,Fq satisfy Theorem 5.2. Suppose, in addition, that M is real- 
algebraic and let F : U\\X — > CP n be the (multiple-valued) holomorphic extension obtained in 
Theorem 5.2. Then: 

(i) // the mapping F is single-valued then it extends to X holomorphically and F(M) C Q. 
(ii) // the mapping F is multiple-valued then it extends to X as a holomorphic correspondence. 

Furthermore, if the coordinates (z,w) in U\ are chosen in such a way that XC\U\ = {w = 

0} then F admits the representation 

F(z,w) = F(z, Vw) t 

where F : (C n ,0) — > CP n is a single-valued holomorphic mapping, and k > 2 is an 
integer. 
(iii) Let D C U \ X, X C dD be a domain where the multiple-valued mapping F admits a 
single-valued branch. Then F\d extends continuously to DUX. 



Proof. Fix peM and Fq as in Theorem 5.2. By Webster's theorem [27] the graph of the local 
biholomorphic mapping Fq : U(p) — > CP ra lies in a complex algebraic set A C U\ X CP ra of 
dimension n. Accordingly, the graph Tp of the extended mapping F lies in A as well. Let A 
be the irreducible component of A containing Tp , and let ir : A — > U\ and ir' : A — > CP n 
be the natural projections. Compactness of CP n implies that the projection ir is proper, so by 
Remmert's theorem, ir(A) is a complex-analytic subset in U±, so n(A) = U\. Consider now the 
set 

E = {qeU 1 : dim(7r- 1 (g)) > 0}. 

Then E is a complex-analytic subset in U\ (see, e.g., [IS]), and dimE < n — 1 because otherwise 
tt^ 1 (E) becomes a complex-analytic subset in A of dimension > n. Therefore, X £ E and we 
can find a point o £ X such that some polydisc U(o) does not contain points from E. To prove 
(i) we suppose that F is single-valued and choose a projective hyperplane II C CP n such that II 
does not intersect the finite set 7r'(7r~ 1 (o)) C CP n . Choosing appropriate coordinates in CP n we 
may assume that II = CP™ \ C™ and accordingly ir' (vr _1 (U (o))) <s C n . By Riemann's theorem we 
conclude now that X is a removable singularity for F\jjr \. Thus, F extends holomorphically to 
the complement of E. Since dimE < n — 2, it follows that F extends holomorphically to all of U 
(see, e.g., |llj). The inclusion F(M) C Q follows from the uniqueness. 

To prove (ii) we note that, by algebraicity of Fq, its multiple- valued extension F is in fact 
finite-valued which means that there exists an integer k > 2 such that the extension of the 
analytic element (Fq,p) along the path 7 fc , where 7 is the generator of 7ri(?7i \ X), does not 
change this element. Choose now the coordinates (z, w) in U\ in such a way that X = {w = 0} 
and p G M + and consider M - the k-root of M. It follows from the arguments above that 
M satisfies all the conditions for Theorem 5.2 and we may also consider the multiple- valued 
mapping F, corresponding to the pseudospherical hypersurface M. The map v given by (|17p 
gives the relation between M and M, and thus shows that the monodromy of F with respect to 
the generator 7 of tt\{U \ X) is simply the identity, since the monodromy of F with respect to j k 
is the identity. We conclude that the map F is single- valued and from claim (i), F extends to X 
holomorphically, and the explicit formula for v now implies (ii). 

For the proof of (iii) (only the multiple- valued case is not immediate) it is easy to see from (ii) 
that for each o = (zq,0) € X the limit lim F\r>(z,w) = F(zq,0), which shows the continuity 

of the glued map in DL) X. This completes the proof of the theorem. 

□ 
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Remark 8.2. In the case when Q is strictly pseudoconvex and F is single valued, the set F{X) in 
the above theorem becomes a connected locally analytic set in Q so that F(X) consists of a unique 
point. Using the fc-root construction it is easy to verify from here that in the multiple- valued case 
the cluster set of X with respect to any single- valued branch of F in a domain D C U\X, X C 3D 
consists of exactly one point. 

9. Application to automorphisms: towards the Dimension Conjecture 

The characterization of the monodromy of the multiple-valued mapping F, obtained in Sec- 
tion 7, allows us to prove a useful fact on the structure of the local automorphism group of a 
nonminimal pseudospherical hypersurface. 

Let M, X, p, U\ , Fq , F, Q be as before. Without loss of generality we assume p G M + . We denote 
by Aut (M, 0) the local automorphism (pseudo)group of the smooth real-analytic germ (M, 0). 
Note that we consider only the connected component of the identity of the local automorphism 
(pseudo)group, so that the automorphisms preserve the sides M + ,M~. We also assume Fq 
to be locally biholomorphically extended along M + . If p is sufficiently close to 0, then each 
automorphism -0 S Aut (M, 0), close to the identity, is defined in a neighbourhood of p and we 
may consider its push-forward 

t := F o 4; o F 1 e Aut (Q,p'), 

where p' = Fq(j>). Then, by [5J, r 6 Aut(Q), the correspondence tp — > r is injective, and we 
obtain an embedding of Aut (M, 0) into Aut (Q) by sending tp to r . We denote the image by Gm- 
The subgroup Gm C Aut (Q) can be naturally identified with (AutM, 0). Now let us consider 
the analytic mapping Fj, := F o ip in U \ X with a sufficiently small polydisc U C Z7i, centred 
at (note that the local automorphism ib must preserve the complex hypersurface X). Then it 
is easy to see from the definition of F^ that its germ at p also maps (M,p) to Q, and if a is the 
monodromy matrix of F then F^ has the same monodromy matrix a. On the other hand, relation 
(12) shows that the monodromy of F^ is given by the matrix r o a o t _1 with r being exactly the 
push- forward of ip (as it follows from the definition of r) . We get the identity 

a = r o a o t~ 

showing that the push-forwarded automorphism group Gm is a subgroup of the group C C Aut Q, 
which is the intersection of the centralizer Z{a) of the element a E Aut (CP n ) with the subgroup 
Aut (Q) C Aut(CP n ). This yields the claim of Theorem 3, which we reformulate here in the 
following way. 

Theorem 9.1. Let M C C™ be a smooth real-analytic hypersurface, containing a complex hy- 
persurface X C C n and Levi nondegenerate in M \ X. Suppose that € X, M is pseu- 
dospherical, Fq : (M,p) — > Q is a local biholomorphic mapping to a nondegenerate hyper- 
quadric Q C CP n ; F is the associated analytic mapping, and a is the monodromy matrix of M . 
Then the local automorphism (pseudo)group Aut(M, 0) can be naturally embedded to the subgroup 
C = Z(a) n Aut (S) C Aut(CP n ), where Z(a) is the centralizer of the element a in Aut(CF n ). 

As an application of the representation, obtained in Theorem 9.1, we discuss now the so-called 
Dimension Conjecture formulated in the survey [3]. Let M C C 2 be a smooth real-analytic 
hypersurface, G M. Consider the local automorphism (pseudo)group G = Aut (M, 0) and 
also the stability group Auto (M, 0) of (M, 0), which we denote by H. When M is Levi-flat, 
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dimG = dim H = oo. If M is Levi nondegenerate at 0, then the classical results in [20], [5] imply 
that 

dimG< 8, dimF< 5. 

Further analysis in [2] shows dim H < 1 in the case when the germ (M, 0) is not spherical. If M 
is Levi-degenerate at 0, but not Levi-flat, simple arguments in [3] give the estimate dimG < 8, 
but nothing for dim H, except the trivial corollary dimH < 8. 

In the Levi-degenerate and non-Levi-flat case, the hypersurface M can either be of finite type at 
(see [lj for various possible type conditions) which is equivalent to its minimality, or M can be of 
infinite type (which is equivalent to its nonminimality) . Some generalizations of Poincare-Chern- 
Moser arguments can be used to provide the estimate dim H < 3 in the finite type case (see, for 
example, [14]). But the infinite type case turns out to be quite difficult, since no generalizations 
of the Poincare-Chern-Moser arguments are possible in this case. In some particular cases the 
estimate dimH < 5 = dimAut p (5 3 ) was obtained in [3], [15] (here Aut p (S' 3 ) denotes the stability 
group of a point p £ S 3 ). However, no general approach to analyse local automorphisms in the 
infinite type case is known so far. These difficulties motivate the following open question. 

The Dimension Conjecture [3]: Let (M, 0) C C 2 be a smooth real-analytic germ and suppose 
that M is not Levi-flat. Then the following bound holds: 

dim Aut (M,0) < dimAut p (S' 3 ) = 5. 

From the above discussion it follows that only the nonminimal case remains open. Moreover, 
suppose that dim Auto (M,0) > 5. Since the subset of points in M where M is Levi-degenerate 
is nowhere dense, we can find, in a neighbourhood of 0, a point p £ M where M is Levi nonde- 
generate. Then the results of [2 J applied to (M,p) imply that the germ (M,p) is spherical, i.e., 
M must be nonminimal and spherical at a generic point. To satisfy all the conditions required by 
Theorems 5.2, 9.1, we note that if any neighbourhood of contains a Levi degenerate point p of 
finite type, then the estimates from [14] applied to (M,p) give 

dim Aut (M,0) < dimAut (M,p) < 4, 

which is a contradiction. Hence, we conclude that there exists a neighbourhood U of the origin 
such that (M \ X) DU is Levi nondegenerate. Applying Theorems 5.2, 9.1 we finally obtain the 
estimate: 

dimAut (M,0) < dim(Z(cr) n Aut (Q)). 

Centralizers of elements a £ GL3(C) are well known: the centralizer of a scalar matrix is the 
entire GL3(C) and has dimension 9, for any other element the dimension of the centralizer is at 
most 5. Taking scaling into account, we get the following corollary. 

Corollary 9.2. Let M C C 2 be a smooth real- analytic hypersurface, containing a complex hy- 
persurface X C C 2 and Levi nondegenerate in M \ X. Suppose that G X, M is spherical, 
Fq : (M,p) — > S 3 is a local biholomorphic mapping, F is the associated analytic mapping and 
the monodromy operator S of F is not identical. Then 

dimAut(M,0) < 4. 

Also note that if the multiple- valued mapping F is, in fact, single- valued and extends holomor- 
phically to X then, by uniqueness, F{X) is a connected locally complex-analytic set, lying in S 3 , 
which means that F(X) is a unique point p £ S 3 and the push-forward of (Aut M, 0) becomes a 
subgroup in the 5-dimensional stability group Aut p (S' 3 ). Collecting all the arguments above and 
applying Proposition 6.4 and Theorem 8.1 yields 
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Corollary 9.3 (towards the Dimension Conjecture). The Dimension Conjecture holds for 
any smooth real- analytic nonflat germ (M, 0) C C 2 except, possibly, a germ of a hypersurface M , 
containing a complex hypersurface X 3 0, Levi nondegenerate in M \X and admitting a single- 
valued locally biholomorphic mapping F : U\X — > CP such that F(M\X) C S s . Furthermore, 
one can assume that M is nonalgebraic and F does not extend holomorphically to X . Here U is 
some neighbourhood of the origin. 
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